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Abstract 



The behavior of the action of the instantons describing vacuum decay in a de Sitter is investi- 
gated. For a near-to-Umit instanton (a Coleman-de Luccia instanton close to some Hawking-Moss 
instanton) we find approximate formulas for the Euclidean action by expanding the scalar field 
and the metric of the instanton in the powers of the scalar field amplitude. The order of the 
magnitude of the correction to the Hawking-Moss action depends on the order of the instanton 
(the number of crossings of the barrier by the scalar field) : for instantons of odd and even orders 
the correction is of the fourth and third order in the scalar field amplitude, respectively. If a 
near-to-Hmit instanton of the first order exists in a potential with the curvature at the top of 
the barrier greater than 4 x (Hubble constant)^, which is the case if the fourth derivative of 
the potential at the top of the barrier is greater than some negative limit value, the action of 
the instanton is less than the Hawking-Moss action and, consequently, the instanton determines 
the outcome of the vacuum decay if no other Coleman-de Luccia instanton is admitted by the 
potential. A numerical study shows that for the quartic potential the physical mode of the vac- 
uum decay is given by the Coleman-de Luccia instanton of the first order also in the region of 
parameters in which the potential admits two instantons of the second order. 
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1 Introduction 



The vacuum decay in a de Sitter universe has been considered as a mechanism of transition to 
a Friedman universe in the scenario of old inflation p], and as a triggering mechanism in the 
scenario of open inflation (2]. In both scenarios, the instability of the false vacuum results in 
the formation of rapidly expanding bubbles containing the scalar field on the true-vacuum side 
of the potential barrier. The process is described by the Coleman-de Luccia (CdL) instanton 
jS]. Another kind of vacuum decay is mediated by the Hawking-Moss (HM) instanton ^ and 
proceeds in such a way that the field jumps on the top of the barrier inside a horizon-size domain. 
(For this interpretation, see 0.) Recently this process was proposed as a starting point for the 
infiation driven by the trace anomaly 

An important quantity characterizing the instanton is its action. It determines the probabil- 
ity of an instanton-induced transition per unit spacetime volume: if we denote the action by B, 
the probability is proportional to exp(— -B). Thus, if more instantons exist for a given potential, 
the one with the least action prevails. In addition, the value of the action may be relevant to 
the question whether the instanton describes a well defined quantum mechanical transition at 
all. The transition takes place only if the instanton admits no negative modes of the perturba- 
tion superimposed on it; and according to such modes are certainly not present only for the 
instanton with the least action. If negative modes exist, the preexponential factor in the expres- 
sion for the probability diverges, which indicates that the wave function is not concentrated in a 
narrow tube around the instanton solution as it should be. (For an analogy in ordinary quantum 
mechanics, see 0.) Thus, the instanton with the least action, in addition to being the most 
probable, may be the only one with a physical meaning. 

The values of the action of CdL instantons were discussed in the thin wall approximation in 
and jH] , and computed for a one-parametric class of quartic potentials admitting an instanton of 
the first order (an instanton with the scalar field crossing the top of the barrier just once) in jlOj . 
Furthermore, the behavior of the action of CdL instantons was analysed in the approximation of 
negligible back reaction in pi]; the properties of a near-to-limit instanton (a CdL instanton close 
to some HM instanton) were studied with the back reaction included in ^Jj; and the instanton 
with the least action was identified among the instantons of odd orders in [3. Here we link up 
to this research and develop it further. In sections [2l and |2l we find a formula for the action 
of a near-to-limit instanton with the back reaction included, and in section ^ we compute the 
instanton action for a class of quartic potentials with a subclass admitting instantons of the 
second order. Thus, in the first two sections we generalize the result of Ql] and complete the 
results of while in the last section we extend the results of [Jj and [T(1| . 
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2 The second order contribution to the action 



Consider a compact 0(4) symmetric 4D space and an 0(4) symmetric scalar field cj) living in it. 
The system is completely described by the functions (j){p) and a{p), where p is the distance from 
the "north pole" (the radius of 3-spheres of homogeneity measured from the center) and a is 
the scale parameter (the radius of 3-spheres of homogeneity determined from the circumference) . 
The compactness impHes that p runs from zero to some pf and a = at both p — and pf. The 
Euclidean action is (ft = c = 1) 



B = 2Tr^ 



Pf 







2^ +y 



a dp, (1) 



where the overdot denotes differentiation with respect to p, V is the effective potential of the 
scalar field and k — SttG/S. The extremization of the action yields 

^ + 3^0 = d^V, a = -k((/)2 + V)a. (2) 

The equation for a is obtained by differentiating the equation 

= K -v^a'^ + 1, 

and inserting for (p from the equation for (p. (In fact, when putting the variation of B equal to zero 
we obtain the first order equation for a with an additional term Ca^^, where C is an integration 
constant. To suppress this term one has to introduce the lapse function into the expression for 
B and perform variation with respect to it.) Consider functions (f) and a extremizing the action 
and such that the action is finite for them. Functions with these properties may be found, in 
principle, by solving equations ^ with the boundary conditions 

(A(O) = 0(p/) = 0, a(0) = 0, d(0) = l. (3) 

Since (p and (p are finite at the points p — and pf, a and d are finite at these points, too. 
Consequently, we may simplify the integral in (QJ by replacing 

• 2 • 2 2 •■ 

aa aa a a 

3 3 

and using both equations for a to obtain 

B = -— / a dp. (4) 

This expression is appropriate for numerical calculations but when expanding the action into the 
powers of the scalar field amplitude it is advisable to use expression (QJ instead. Then one does 
not need to compute o up to the same order of magnitude as B\ as we shall see, one gets along 
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with the zeroth and second order contributions to a when computing the third and fourth order 
contributions to B, respectively. 

Consider a potential with the global minimum, or the true vacuum, at = 0, a maximum at 
(t^ ^ 4'M > and a local minimum, or the false vacuum, aX 4> — 4>m > 4>m- Suppose, furthermore, 
that the potential equals zero at the true vacuum. There are two trivial finite-action solutions 
to equations ^ with a compact 4-geometry, 

<p = (f>M, a = HjI sin(i7Mp), < p < 7ri/^/, 

and 

(j) = (/)„i, a = sin(i?„p), < p < Tri/,^^ 

where Hm and i/,„ are the values of H — ^/kV (the Hubble constant corresponding to a given 
value of (f)) aX (f) — 4>m and 4>m respectively. Both solutions consist of a 4-sphere and a constant 
scalar field. The first solution is the HM instanton; the second solution describes a "zero quantum 
transition" hence it may be regarded as a reference solution. In addition, the potential may admit 
nontrivial finite- action solutions to equations IpJ called the CdL instantons. These solutions may 
be classified according to how many times the scalar field crosses the barrier: if the number 
of crossings is I, the instanton may be called "the CdL instanton of the ^th order". Denote 

%yMiHii. 



C — O'^Vm/HIi. For — ^ assuming one of the critical values 



Xi=l{l + 3)=A,10,... for / = 1,2,..., (5) 

the potential admits an approximate CdL instanton consisting of a 4-sphere with the radius i?^/ 
and a scalar field proportional to the Ith harmonic on the 4-sphere pEI- This solution may be 
called "the limit instanton of the Ith order". If f is close to —A;, at least from one side, the 
potential should admit a CdL instanton close to the Hmit instanton with some small scalar field 
amplitude. In a one-parametric family of potentials, this near-to-limit instanton should approach 
the HM instanton as <^ approaches — A;. 
Introduce dimensionless variables 

where A(j> = (f> — (j)M and A = A0(O), and write the potential as 



V = Hl, 



The expression for the action, when rewritten into the dimensionless variables, is 
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and the instanton equations are 



u" + 3^m' -iu^ duuj, v" ^v = -A^ [u'"^ + i^u^ + V, (7) 

where Xf = HmP/ and the prime denotes differentiation with respect to x- Denote s = sinx 
and c — cosx- For the HM instanton u — 0, v = s and Xf — ""i which yields the action 



For the Hmit instanton, u obeys the first equation with v = s, ^ = —A; and suppressed right 
hand side, 

rf2 d 
Vu = 0, V = — Scotanx —, — h A;. 

ax dx 

The solutions are 0(4) symmetric spherical harmonics in 5D or, up to normalization, the Gegen- 
bauer polynomials with the parameter 3/2, 

Pi = c, i(5c2-l), ... for ; = 1,2,... (9) 

When constructing a near-to-limit instanton one introduces expansions ^ = + + j^^2 + • • ■, 
u ~ Aui + A^U2 + A'^u^ + . . . and u = wo + A^V2 + A^V'^ + . . . with = —A/, ui = Pi and = s, 
and uses the expansion 

w = iry^u^ + -^C^'u^ + . . . , 
where rj = O^Vm/Hm ^^"^ C = (^4>^m / H'^j . >From the expanded equations for u and v one 
obtains the functions ui, U2, ■ • ■ and wqi V2, • ■ •, and after inserting them into the expression for 
B one finds the coefficients Bq, B2, ■ ■ ■ in the expansion B = Bq + A?B2 + ■ ■ ■ In particular, from 
vq = s one obtains Bq — Bm. 

Let us prove that the term proportional to B2 in the expansion of B vanishes so that B — Bm 
up to the order A^ . For B2 we have 

^2 = -^^^ {^(^/' - A;P;2)s3 - h2scv'2 + (c2 - + dx. (10) 

(We have not included here a term arising from the shift of the upper Hmit of integration since 
such terms do not appear before the order .) The first part, with the terms quadratic in Pi, 
may be rewritten using integration by parts to an integral oiPiDPi, hence it vanishes. The second 
part, with the terms Hnear in W2, may be rewritten using integration by parts to an integral of 
Av2 with the coefficient of proportionality 

A = -(2sc)' + - 3s2 + 1 = 0, 

hence it vanishes, too. This can be seen also without an explicit calculation. The second part of 
B2 is just what we obtain if we perform the variation of Bo with respect to vq and put 5vq = V2, 
thus = is in fact the equation determining vq. As a result we obtain 

B2 = 0. (11) 
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3 Higher order contributions to the action 

The first higher order term in the expansion of B which may be nonzero is proportional to B3. 
The terms in B3 Unear in U2 and V3, can be rewritten to be proportional to VPi and A, thus they 
vanish and we are left with the expression 

^3 = + ^^7/3) , h = J^ Pts'dx. (12) 

To determine ^1, consider the equation for U2 

Vu2 = + \vPf- (13) 

The task simplifies considerably by two observations: first, the left hand side, when expanded 
into the system of harmonics Pq = Ij Pi, P2, ■ • ■, does not contain a term proportional to Pi 
(this is easily seen if one expands U2 into the harmonics and makes use of the fact that the 
operator V, when appHed on P/-, reproduces it with a factor that is zero for V = l)-^ and second, 
the harmonics are orthogonal with the weig ht s^. Thus, if we multiply equation by P; and 
integrate it with the weight we obtain zero on the left hand side. As a result we have 

iih + \rih = 0, 



hence 



The ^th harmonic is a linear combination of c', c'"^, . . ., thus Pfs^ is an odd function on the 
interval (0, tt) and vanishes if I is odd. On the other hand, from the general formula for the 
integral of the product of three Gegenbauer polynomials [Ol it follows that /a is nonzero if I is 
even. Thus, for even values of I both ^ and P3 are nonzero and the quantities = ^ + A; and 
AP — B — Bm are of the order A and A'^ respectively. Explicitly, 

Ae = -^'?A (14) 

and 

The actual small parameter of the theory is not A but A^ therefore we have to interpret the 
first equation as an approximate expression for A in terms of A^ For I — 2, I2 ~ 2/21 and 
I3 ~ 2/63, thus the dimensionless coefficients in the expressions for A^ and AP are 1/6 and 
7r^/189 respectively. Note that we may avoid the computation of I3 if we express P3 in terms 
of a and determine ^ from the requirement that the term proportional to P; on the right hand 
side of itT^ll vanishes. 



6 



To summarize, the correction to the HM action of order ^4^ vanishes for instantons of odd 
orders, but it is nonzero for instantons of even orders provided r] is nonzero. If we change the 
parameters of the potential so that ^ changes while rj stays fixed, the character of the instanton 
changes as ^ crosses the value —A;. If, say, rj > 0, for ^ < —A; the function (j> starts and ends to 
the right of (fiM (the instanton is "right handed"), while for ^ > — A; the function (j) starts and 
ends to the left of 0m (the instanton is "left handed"). No matter what the handedness of the 
instanton, the action of the instanton is less than the HM action if ^ < —A; and greater than the 
HM action if ^ > -A;. 

To complete the analysis we have to compute B4 for odd values of I. First, just as when we 
were computing ^3, we get rid of a large portion of the integrand by rewriting it in terms of 
VPi and A; in this way we remove the terms proportional to U3 and V4. Before we present the 
remaining terms let us mention a new point which arises in this order of expansion of B. One may 
expect that the value of t;2 at x = is nonzero and indeed, for I = 1 one finds S = V2{'!r) — — ttk/S 
(see the appendix). Consequently, Xf differs from tt by a quantity of order A^. As we shall see, 
this leads to additional terms in B4 so that not the whole B4 is stemming from the expansion 
of the integrand of B. After suppressing the terms proportional to U3 and V4 and integrating by 
parts we arrive at 

where 

and 64 is a boundary term consisting of two parts, one coming from the shift in Xf and the other 
coming from the integration by parts which has to be performed when deriving the term with 
the operator B. The expression for B4 simplifies further if we exploit the equations for U2 and 

Vu2 = Bv2 = i^Q. (17) 

Both equations are most easily derived by performing the variation of B4 and using the fact that 
the operators s'^V and B are symmetric; however, they may be obtained by expanding the exact 
equations for u and v as well. The former equation is identical to \i?>l provided ^1 = 0, which is 
what we presently assume, and the latter equation is a linear combination of the two equations 
for V2 presented in the appendix. If we make use of equations ifTzIl and of the definition of P, we 
find that the integral in B4 reduces to 

-T]J + - Qv2 dx, J = PiU2S^ dx- 

K Jq Jq 

Let us now show that the boundary term in B4 is zero. We can find the correction to the upper 
limit of integration by noticing that the derivative of at x = tt is — 1 , so that to compensate 



U2{-VU2 + P)S^ + V2 [ --^^2 + Q 



dx + b4}, (16) 



d'^X dx 



2s, 
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for Av = A'^V2 in the neighborhood of x = tt we have to shift x/ by A = A^S. The contribution 
to 64 arising from this shift is 

l-TT + A 

j^shift ^ ^-4 ^ ^jjg leading term in / 2(Fo + A^Fa) dx, 

where Fq and F2 are the integrands in i?o and ^2, 

Fo = . . . - i(c2 + l)s, F2 = . . . - -(c2 + l)i;2. 

(The omitted terms are irrelevant for the present discussion.) The leading term in the integral of 
Fo equals FQ(7r)A^/2 = A^/k, since Fo(7r) — 0, and the leading term in the integral of F2 equals 
F2(7r)A = -2^A/k, hence 

, shift _ 

04 — . 

On the other hand, from the expression of the relevant part of B given in the appendix it follows 
that the contribution to 64 coming from the integration by parts is 

lint _ ^" 
O4 — . 

K 

Putting this together we find 

64 = 0. (18) 

Next we have to write down the equation for uz in order to determine ^2 • When constructing 
this equation we encounter a subtlety that is again connected with the presence of (5. If 5 is 
nonzero, V2 is not small with respect to s in the vicinity of x = tt and the factor a/ a — Hmv' /v 
in the equation for cannot be treated perturbatively. In fact, if we formally expand v' /v up to 
the order A^, 

v' . .0 f'"2\' 

— ~ cotanx + A q = [ — , 
V V s / 

we can see that the correction term even diverges relatively to the zeroth order term in x = i"- (It 

behaves like — A/e^ for e = tt — x — > 0, while the zeroth order term behaves like 1/e.) To fix that, 

note that the term 5 in V2 which is nonzero at x = tt and therefore is responsible for the nonzero 

value of 5 equals — Jx^o/tt (see the appendix), thus 5 may be absorbed into vq by redefining 

X ^ (1 — A/7r)x- Such procedure is well known in the perturbation theory of an anharmonic 

oscillator where the terms of the type 5 are called "resonance terms" The corrected equation 

for 1)3 is obtained in such a way that we replace q by q^'"'' ("red" standing for "reduced"), defined 

as q with V2 replaced by ^2^'' = V2 — S, and add to ^2 the term k arising from the redefinition of x 

in the equation for ui. However, these corrections, necessary as they are when one computes V3, 

are superfluous if one is interested only in the integral of the equation for W3 with the weight s^. 

The point is that the weight washes out the singularity in q, therefore the reverse transformation 

X ^ (1 + S/tt)x by which one passes from the corrected equation to the original one may be 
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treated on equal footing with the regular transformations (that is, transformations that do not 
move the point x = tt). To confirm this, one may check that the two corrections mentioned above 
cancel when the equation is integrated over x with the weight . The uncorrected equation for 
reads 

Vv^ = i2Pi + rnPiU2 + - 3gP;, (19) 



and by the same argument as we have used when calculating we can deduce from it the 
identity 

Finally, by integrating by parts and using the equation for Pi it may be shown that the integrand 
in the last term can be replaced by ~Qv2- This completes the proof that in our initial expression 
for B4 the sum of all terms following ^2-^2 equals —^2^2/2, and 

Similarly as when we were computing B^ we can now obtain approximate expressions for and 
AS in terms of A. Again, we may determine ^2 also by analysing the equation for W3; however, 
for that purpose the corrected equation has to be used, with q replaced by q^^"^ and ^2 by ^2 + 
Let us present the results for the most important case ^ = 1. In this case, 

A?=-^(^772 + C + 32«:)a2 (20) 

and 

27r2 A^A2 

The expression for A^ implies that a near-to-limit instanton exists only if — ^ approaches the 
value Ai = 4 from a given side. Which side, that depends on the parameters 77 and C- Define 

Cc«t = -^??'-32k. (22) 

If C > Ccrit the instanton exists for ^ < —4, while if C < Ccrit the instanton exists for ^ > —4. 
The action of the instanton is less than the HM action in the former case and greater than the 
HM action in the latter case. 

The expression for A^ is identical to that obtained in and if we suppress k in the 

expression for A^ and insert for Hm, V and C the values for the quartic potential, the resulting 
expression for AB is identical to that derived in Jl]. Our formula for AB is consistent also with 
the behavior of the first perturbation mode of the near-to-limit instanton established in [l2j, 
since this mode is positive (and, consequently, contributes to the action by a positive quantity) 
in the same range of parameters in which we found that Bj^i — B is positive. 
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4 The instanton with the least action 



The question which instanton has the least action is addressed in ffl where it is shown that 
among the instantons of odd orders, the one with the least action is necessarily of the first order. 
The proof is based on the analysis of a graph that may be regarded as a phase diagram for 
the solutions of the Euclidean theory. One introduces noninstanton solutions 4>-{p) and 4>+{p) 
starting to the left and to the right of 0a/, and assigns to them the values of A(/> and tt^ = 27r^a^(/> 
at such p at which the function a[p) reaches maximum. In this way one obtains two oriented 
curves in the (A0, tt^) plane: the curve C_ starting at the point {—<pM, 0) (the true vacuum) and 
ending at the origin (the top of the barrier), and the curve C+ starting at the origin and ending 
at the point (0™ — 0m, 0) (the false vacuum). An instanton of an odd order is represented by 
an intersection of the curves C+ and C_, and its "net action" AB equals the area inside a loop 
passing from the origin to the intersection and back, first along the curve C+ and then along the 
curve C_. (The area is regarded here as the z-component of the vector <frxdr, where r is the 
radius vector in the {x, y) plane. According to this definition, the area inside a given curve is 
positive if the curve is oriented counterclockwise and negative if the curve is oriented clockwise.) 
As to the instantons of even orders, they are represented by the points where the curves C_ (for 
left handed instantons) and C+ (for right handed instantons) intersect the axis A0, and their net 
action equals twice the area inside a loop passing from the origin to the intersection and back, 
first along the curve C_ and then along the axis A(/) if the instanton is left handed, and first along 
the axis A0 and then along the curve C+ if the instanton is right handed. Three typical phase 
diagrams are depicted in fig. All diagrams contain an instanton of the first order denoted by 1; 
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Figure 1: Phase diagrams for the solutions of the Euclidean theory 

besides, the middle diagram contains two left handed instantons of the second order denoted by 
2'_ and 2" , and the right diagram contains one left handed and one right handed instanton of the 
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second order denoted by 2_ and 2_|_. The net action of the instanton of the first order equals the 
area of the light grey patch in the left diagram; the area of the the light grey patch and the lower 
dark grey patch in the middle diagram; and the area of the hght grey patch and both dark grey 
patches in the right diagram. The limit curves are in all three cases oriented clockwise, therefore 
the area is negative and the action of the instanton is less than the HM action. The net action of 
the instantons of the second order equals twice the area of the corresponding dark grey patches; 
consequently, the net action is negative for both 2_ and 2+, positive for 2'_, and either negative 
or positive, depending on which of the two dark grey patches prevails, for 2" . There seems to be 
no general argument restricting the area of the dark grey patches in comparison with the light 
grey one, therefore the less of the actions of the two instantons of the second order may be also 
less than the action of the instanton of the first order. As seen from the geometry of the patches, 
one can only state that the action of the instanton of the first order is less than the mean action 
of the instantons of the second order. 

The phase diagrams suggest that if we take into consideration the instantons of even orders 
(including the HM instanton which may be regarded as the instanton of the zeroth order), the 
instanton with the least action may not stay of the first order. We have seen that if two instantons 
of the second order exist in addition to one instanton of the first order, the instanton with the 
least action may one of them. In a similar way one may prove that if there are two instantons of 
the first order and none of a higher order (which occurs if the curves C_ and C+ are intertwined 
next to the origin and do not intersect the axis somewhere), and if both instantons have 
approximately the same action (which occurs if the two intersections of the curves C_ and C+ 
outside the origin are close to each other), the instanton with the least action is necessarily the 
HM instanton. For a typical potential, however, one expects the instanton of the first order to 
prevail even in the presence of instantons of even orders. To support this opinion, we present 
here a numerical study for a certain class of quartic potentials. 

The quartic potential is usually regarded as depending on three parameters, however the 
parameter m whose square appears in front of (jp can be removed from the theory if one makes 
use of rescalings a/m and p — > p/m in the equations for 4> and a. The rescaled potential is 

y = \^''- + Ja.^'- (23) 

The potential has the desired form only for the parameter 5 running from 5m = 2\/A to 5m = 
3^/X/2 = 1.065m- For numerical calculations we have chosen the value of 6 in the middle of this 
interval, 

5m — 5m 
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4A 



(24) 



The parameter f may be expressed in terms of 5 and A as {G = 1) 

9A x{i+x) 

^ TT {i-x){i + zxy V 5^ 

Note that X depends on 5 and A only through A, so that if one keeps A fixed ^ becomes 
proportional to A. 

The results are summarized in fig. [3 and El The characteristics of instantons obtained 
numerically by solving the equations ^ are depicted by solid lines, and those computed from 
the formulas lf2(Hl and ll2T)l in the neighborhood of ^ = —4, and from the formulas itTHl and l(T5|l 
in the neighborhood of ^ = ^10, are depicted by dotted lines. As ^ decreases, the phase diagram 
passes through the three regimes visualised in fig. They occur, from the left to the right, for 
^ running from —4 to some ^crit greater than —10; for ^ running from ^crit to —10; and for ^ 
running from —10 to —18. The behavior of instantons near the limit values of ^ is determined 
by the fact that for the quartic potential both 7y and Q are positive. As a result, the first order 
instantons exist only for ^ < — 4 and the near-to-Hmit second order instantons are right handed 
for ^ < -10 and left handed for ^ > -10. 

In fig. 12 the limit values of 4> are plotted as functions of the parameter ^. The graph to the 
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Figure 2: Range of values of the scalar field for instantons in the quartic potential 

right provides a magnified view of a narrow segment of the graph to the left. For comparison, 
the location of the top of the barrier and of the false vacuum is shown in the graph to the left. 

In fig. El the ratio ^BjBu is plotted as a function of the parameter ^. Again, we can see 
a tiny segment of the graph to the left displayed in more detail in the graph to the right. The 
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Figure 3: Action of instantons in the quartic potential 



values of I^B/Bm in the latter graph are to be multiplied by 10 ^. The HM action is negative, 
hence in the region above the horizontal axis there holds AB < 0. 



5 Conclusion 

The behavior of the action of CdL instantons has been investigated in two complementary ways, 
analytically for a general potential with the value of ^ (the rescaled second derivative of V at 
— 4>m) near to one of the limit values —4, —10, —18, . . ., and numericahy for a class of quartic 
potentials with the value of ^ running from —4 to —18. The analytical study implies that 
the properties of instantons of odd and even orders are in many respects different. While the 
instantons of even orders exist for ^ on both sides of the limit value, the instantons of odd orders 
exist only for ^ either to the left or to the right of the limit value, depending on the values of 
•q and C (the rescaled third and fourth derivative oiV aX (f) = (j)M)- Also the dependence of the 
action on the scalar field amplitude is different for instantons of even and odd orders. However, 
the two kinds of instantons have one property in common: their action is less than the HM action 
if the value of ^ is less than the limit value, that is if the potential is more curved at the top 
of the barrier than the potential for which the near-to-limit instanton shrinks to the top of the 
barrier, and vice versa. (Note that this may be proven also without an explicit computation, by 
investigating the properties of the phase diagram in the neighborhood of the origin.) As may be 
shown by the analysis of noninstanton solutions ) if a potential which admits a near-to-limit 
instanton is less curved than the hmit potential, it necessarily admits another instanton of the 
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same order, with the scalar field extended along a finite segment of the barrier. The analysis of 
the phase diagram as well as numerical calculations performed for the second order instantons 
suggest that the extended instanton has less action than the compact one, but as both instantons 
first appear in the course of decreasing of ^ they have greater action than the HM instanton. The 
crucial question is which instanton has the least action. We have shown that (1) for potentials 
with C ^ — 4 and C < Ccrit, the instanton with the least action is the CdL instanton of the first 
order if the potential admits no other CdL instanton, (2) for quartic potential with A — 0.5 
and ^ < —4, the same is true also if the potential admits two instantons of the second order. 
Note that the order of the instanton determines the number of bubbles and walls filled with the 
scalar field on the true- vacuum side of the barrier which are created in the process of quantum 
mechanical tunneling. For an instanton of the first order the outcome of the tuneling is one 
bubble and no wall, while for instantons of the second order the outcome is either no bubble and 
one wall or two bubbles and no wall. Thus, in both cases cited above the vacuum decays via 
formation of a single bubble. 

Acknowledgement. This work was supported by the grant VEGA 1/0250/03. 

A The second order contributions to u and v 

To derive the expression lf2(Hl for we need to know the functions U2 and V2- The equation for 
U2 solves for ^ = 1 by the Ansatz U2 = Ci + C2C^. (Our definition of A requires that U2(0) = 0, 
which can be fulfilled only if we include into U2 also a term proportional to c. However, since this 
term may be absorbed into ui it has no effect on the results and may be ignored.) The solution 
is 

(A-1) 

The equation for V2 obtained from the second order equation for v reads 

B^'^v2 = -KiP;' -2P^)s, = + (A-2) 

This is supplemented by the initial conditions W2 = = at x = 0. For ^ = 1, the right hand side 
is proportional to (s^ — 2c^)s = (1 — 3c^)s, which suggests the Ansatz V2 — (Ci + C2C-^)s + Caxc- 
(The term proportional to c is omitted because of the first initial condition.) If we insert this 
Ansatz into the equation for V2 and use the second initial condition we obtain 

1 

This provides the expressions for S and S cited in sectional The latter expression is valid also 
for higher values of I since 112 always splits into a part containing s and a term proportional to 
Xc. Note that our expressions for U2 and V2 are consistent with the expansions of a and (j) in [T25. 




3 2 



(A-3) 
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The expression Ijl6|l for B4 allows us to avoid an explicit computation of this quantity once 
we have computed A^. For completeness, let us explain how the part of ltT6|l containing V2 is 
obtained. The starting expression is 



The integral of the first two terms over x equals —S'^ which leads to the expression for 6™* cited 
in section |2l while the remaining two terms may be rewritten as V2BV2 ■ The equation for V2 
resulting from the variation of S4 (the second equation itTTIl l can be obtained also by combining 
the first order equation for V2, 



with the equation (|A-2ll . For that purpose, note that B = —sB^-^^ — B^-^\ 
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Rewrite the expression in the round brackets as 



(cvlY + (SW2W2)' - 2svl - (SW2)'«2- 
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